Abstract: A non-linear process of moisture transport in the soil containing thin inclusions has been investigated. The corresponding one-dimensional boundary value problem has been solved numerically with the finite element method. By means of numerical experiments the differences in pressure head jump values have been presented in the case of various conjugation conditions -classical and modified ones.
Introduction
The natural soils are heterogeneous on a macroscopic level. A body of porous medium includes subdomains of soils with distinct physical, chemical and mechanical properties. It concerns both natural and artificial soil bodies (e.g. hydraulic structures).
Between the layers of different soil types sometimes interfacial layers are present. In natural conditions it is especially dangerous in the context of landslides, and change of soil moisture is among the factors intensifying these processes [1, 2] . Common instances of using thin artificial inclusions of clayey soil are impervious screens in waste containment facilities. In [3] a specific type of bentonite has been discussed, which is used in geobarriers for waste containment to limit contaminant migration into the environment. As showed by the authors, the impact of bentonite membrane on contaminant transport depends on the degree of saturation.
[4] deals with geomembranes and geosynthetic clay liners used as a part of complex systems for waste utilization. Results have been presented in the form of experimental spatial and temporal redistribution of moisture in such systems under isothermal conditions.
In [5] mathematical models of moisture transport in the form of water and vapour has been developed. However, the presence of thin inclusions has not been considered there. In [6] filtration and moisture transport in saturatedunsaturated soils has been investigated. Such researches are relevant in the context of soil dams [7] and two-phase filtration processes [8] .
One of the most important parts of mathematical description of moisture transport in soils containing thin inclusions is deriving conjugation conditions. These conditions are part of a boundary value problem in heterogeneous medium by which developed mathematical model is described. In works [9, 10] such conditions for moisture transport models has been formulated. However, unsaturated soil conductivity coefficient has been considered constant and not dependent on moisture content. Conjugation conditions for such inclusions are, generally, conditions of non-ideal contact. In [11, 12, 13, 14] theoretical problems of existence of generalized solutions in such boundary value problems have been researched.
In [9, 10] conjugation condition for pressure head in water flow problem has been derived assuming that pressure head h is changing linearly from h − to h + along the normal vector n to a cross-section of a thin inclusion γ with thickness d. That means
Here h + and h − are pressure head values on the inclusion on ζ = d and ζ = 0 respectively. Oζ axis is tied to the normal vector of the inclusion. Then boundary conjugation condition of non-ideal contact is written as follows [9, 10] :
Here u is water flow velocity vector. In the conditions stated above soil permeability coefficient k 0 of the thin inclusion is considered a constant value. It is known that soil permeability coefficient (in either saturated or unsaturated conditions) depends heavily on moisture content and, thus, on pressure head [15, 16] . For the present there are no researches concerning the influence of those dependencies on pressure head jump on a thin inclusion. Therefore above mentioned conjugation condition for mathematical models of moisture transport should be modified. Our purpose is to derive modified conditions and to evaluate their influence on the pressure head jump value.
Moisture transport equation in pressure heads
Let us consider a layer of soil with a thickness of l. At a depth of x = ξ, 0 < ξ < l there is a thick inclusion of soil with distinct physico-mechanical and chemical characteristics. Notice that x axis is oriented downwards. Then the law of moisture transport (Darcy-Klute law) becomes as follows:
where u -water flow velocity; h -pore water pressure head (in the case of saturated conditions), and suction pressure head of the soil moisture (in the case of unsaturated conditions); k(h) -either saturated or unsaturated soil conductivity. Then moisture transport equation (Richards equation) can be written as
where
Here f (h, x, t) is a function comprising intensity of wetting sources and intensity of root water uptake; β(h) = dθ dh . The difference between the equation written above and the classical case is that
The same concerns other coefficients and function f . According to van Genuchten model [15, 16] 
where s = θ−θ min θmax−θ min -degree of saturation; k 0 -soil permeability (in saturated conditions with s = 1 and h = 0). Further
Modified conjugation condition for pressure head on an inclusion
We assume (due to the thinness of the inclusion) that moisture transport processes on a cross-section of this inclusion are stationary (or, at least, quasistationary). Thus we consider the following moisture transport problem for the inclusion:
Here k γ (h) is permeability of the thin inclusion that is non-linearly related to water content. From equation (1) we have
where h 1 = const is yet unknown constant. Further,
where h 2 = const is another yet unknown constant. Then from (3) and boundary conditions (2) we have a system of linear algebraic equations:
From this system we have
where [h] = h + −h − is pressure head jump on the inclusion. Therefore, solution of the problem (1), (2) is a function
This leads to
According to [9] , the conjugation condition is derived based on conservation law with regard to water flux through the cross-section area unit of the surface of the inclusion along the normal vector for a small interval of time ∆t. Since the flux
From (5) and (4) we get the final modified conjugation condition in the case of non-ideal contact for pressure head on an inclusion, permeability of which depends on the same pressure head:
If k γ (h) = k γ 0 = const, then from the condition (6) we have the classical conjugation condition for non-ideal contact [9] . As a result, moisture transport process in heterogeneous soil body in onedimensional case is described by the following boundary value problem:
h(x, t)| x=l = h l (t), t ≥ 0; (8)
Here Ω 1 = (0; ξ), Ω 2 = (ξ; l), 0 < ξ < l; h l (t), h 0 (x), Q(h, t) are given functions, and the function Q(h, t) comprises infiltration, evaporation and evapotranspiration. The function h 0 (x) has to be continuous on both intervals [0; ξ] and [ξ; l]. Notice that in (7)-(11)
6. Solving the moisture transport problem in a domain with inclusion using the finite element method
As in [9] , we introduce a few definitions and functional spaces. Let H 0 be a space of such functions ϕ(x) which on both intervals (0; ξ) and (ξ; l) belong to Sobolev space W 1 2 (Ω), and additionally assume a non-zero value on the ends of the interval [0, l], where the first type boundary conditions are set for h(x, t).
Let H be a space of functions v(x, t) square integrable with their first derivatives ∂v ∂t , ∂v ∂x on both intervals (0; ξ), (ξ; l), ∀t ∈ (0; T ] and satisfy the same first type boundary conditions as h(x, t). Here T > 0.
Multiplying equation (7) and initial condition (10) by any function ϕ(x) ∈ H 0 , integrating it over the interval [0, l] and taking into consideration conjugation condition (11), we get
Definition 1. A function h(x, t) ∈ H, that together with any ∀ϕ(x) ∈ H 0 satisfies integral relations (12) , (13) is called a generalized solution of the boundary value problem (7)- (11).
Approximate generalized solution of the boundary value problem (7)- (11) is sought in the form of
where ϕ i , i = 2, N , are basis functions of a finite-dimensional subspace M 0 ∈ H 0 , and functions ϕ 1 are used for the purpose of approximating non-uniform first type boundary conditions in (8) .
The class of functions that can be written in the form of (14) constitute space M ⊂ H. Definition 2. An approximate generalized solution of the boundary value problem (7)- (11) is a functionĥ(x, t) ∈ M that for ∀t ∈ (0, T ] and any function Φ(x) ∈ M 0 satisfies integral relations
Solving the problem (7)- (11) with the finite element method in the form of weak formulation (12), (13) of the problem, considering (14), we have a Cauchy problem
After applying temporal discretization using implicit difference scheme [17] , system (15) yields
where τ is time step, A (p) = A (t p ), t p = pτ .
Results of numerical experiments
Permeability coefficient of the inclusion depends on moisture content. If in classical conjugation condition
then letting
[h] = 0 in the general case yields u + = u − . The latter inequality is breaking mass conservation law of the water flow through the thin inclusion. It suggests once more the necessity for modification of the conjugation conditions.
Soil parameters for the purpose of numerical experiments are taken from the free software Hydrus-1D [16] . In particular, the basic soil is assumed to be sandy loam with k 0 = 1.61 m/day, θ min = 0.065, θ max = 0.41, n = 1.89, α = 7.5. The soil of the thin inclusion is taken as clay with the following parameters: k γ 0 = 0.048 m/day, θ min = 0.068, θ max = 0.38, n = 1.09, α = 0.8. For the model problem we consider a layer of soil with the thickness of l = 3 m. The thin inclusion lies on the depth of ξ = 2.5 m.
Step for the xcoordinate is 0.01 m. Time step τ = 0.5 day. Initial pressure head distribution is h 0 (x) = −10 m. On the lower boundary a first type boundary condition is set with the pressure head value of −0.1 m.
In Table 1 volumetric moisture content jumps are given considering the gravitational term, in Table 2 -disregarding this term. Moisture content jump values while assuming k γ = k γ (h + ) and k γ = k γ (h − ) correspond to the use of classical conjugation condition, while assuming k γ = k γ (h) -to the modified one. In parentheses the relative increase or decrease of the moisture content jump with respect to the cases of classical and modified conjugation conditions is given. In Table 1 these relative differences range from -8.1% to +6.6%, while in Table 2 -from -34.7% to 34.7%. Moreover, the amplitude of differences increases with the increment of inclusion thickness.
Thickness of the inclusion and time interval The results of solving the model problem show that the functional relationship between permeability coefficient of thin low-permeable inclusions and moisture content (suction pressure) cannot be neglected. Besides, the moisture content jump can be influenced by regarding or disregarding the gravitational term of water flow. To conduct an assessment on real geological formations, soil parameters of all subdomains must be known, as well as the inclusion itself.
Conclusions
In this paper the process of moisture transport in the soil containing thin inclusions has been numerically investigated. The purpose is to find out a relation between pressure head jump and permeability coefficient of the inclusion, that is, in its own turn, dependent on the pressure head. Discontinuous generalized solution of corresponding boundary value problem has been found using the finite element method and numerical experiments have been conducted. In the following papers formulating a more general setting of the problem and considering two and three-dimensional cases are planned, as well as conducting theoretical investigations of quality characteristics of the found approximate solution.
